Nodal solutions to quasilinear elliptic equations on 
compact Riemannian manifolds 



Mohammed Benalili 



Abstract. We show the existence of nodal solutions to perturbed quasi- 
linear elliptic equations with critical Sobolev exponent on compact Rie- 
mannian manifolds. A nonexistence result is also given. 



1. Introduction 



In this paper we investigate nodal solutions to quasilinear elliptic equa- 
tions involving terms with critical growth on compact manifolds. Nodal 
solutions to scalar curvature type equation has been the subject of investi- 
gation by various authors. Among them, we cite D. IIolcman[8j, A. Jourdain 
[9] . Z. Djadli and A. Jourdain[5]. This work is an extension to a previous 
one by Z. Djadli and A. Jourdain[5] where the authors studied the case of 
the Laplacian. We use variational methods based on the Mountain Pass 
Theorem as done in H. Brezis and L. Nirenberg [3] and some ideas due to 
H. Hebey regarding isometry concentration. We approach the problem via 
subcritical exponents, an idea originated by Yamabe. A non existence re- 
sult of nodal solution based on a Pohozahev type identity is also given. Let 
(M, g) be a smooth compact Riemannian manifold n > 3, with or without 
boundary dM and p G (l,n). We use the notations of [5|, let 



where H^(M) is the completion of C°^(M) with respect to the norm 



and Hf{M) is the completion of C^{M) with respect to the same norm. 
Let G be a subgroup of the isometry group of {M,g) denoted Isom{M). 
We assume that G is compact. We also consider r an involutive isometry of 
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{M,g) that is an element of Isom{M) such that tot = icLm- For x a point 
of M, we denote by Og{x) the orbit of x under the action of G. We say 
that G and r commute weakly if for every x G M, t(Og(x)) = Og{t{x)). 
We also say that the fixed points of r splits M into two domains and 
stable under the action of G if 

(i) M = U U A", with J7i n ^^2 = </> and mes{F) = 0. 

(ii) r(Oi) = , and V(T e G, V i = 1, 2 = ^^i 

where F denotes the set of the fixed points of r, that is F = {x G M : r(x) 
We say that a function u G W^'^{M) is r- antisymmetric if uot = —u a.e 
and G-invariant if for all a (z G, uoa = u a.e. In what follows, we denote 
by Card the cardinality of a set. We say that an operator L defined on 
W^''P{M) is coercive on a subspace X of W^'P{M) if there exists a positive 
real A such that for all n € X, 

L{u)udvg > A \\u\\i . 

IM 

Let a, /, be smooth functions on M, and p* = -^^^ g G (p — — 1), we 
consider the following equation 

(1) ApU + a u = f \u\^ ^'^ u + h \u\'^~^ u 

with in case M has a boundary = on dM ; where Apii = —diVg{\Vu\^~'^ V 
Under assumptions which will be precise later, we investigate nodal solutions 
of equation([T|). By definition, a function u G W^''P{M) is said to be a weak 
solution of the equation([T]) if u satisfies ([T|) in the distribution sense. 

We say that the functions a, /, h satisfy the conditions (C) at an interior 
point Xo of M if 

(i) 1 <p <2 a{xo) < 

(n) p = 2 ^(^a{xo)-Scal{xo) + {n-A)^^ <0 
(m) 2 <p<f Agg) ^ 

(to) For all 1 < p < n, h{xo) = and Ah{xo) < 0. 

We set N = p* — 1 and let (7 G (p — 1, A^).Our main result in this paper 
reads as 

Theorem 1. Let G be a compact subgroup of the isometry group of 
{M,g), n > 3, T an involutive isometry of {M,g) such that G and r com- 
mute weakly. Let a, f and h be three smooth G-invariant and T-invariant 
functions. 

We assume that: 

(1) The operator Lp Ap^j + a \lp\^~'^ is coercive on the space H = 
{n G Ty^'^(M) : u is G-invariant and T-antisymetricj 

(2) f is positive on M and attains its maximum at an interior point Xq 
such that t{Og{xo)) H Og{xo) = 4> 

(3) The functions a, f , h satisfy the condition(C) at Xq- 
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Then equation^) possesses a nodal solution u G C^'"(-/Vf) which is G- 
invariant and t- antisymmetric. Moreover, if we assume that the set F of 
fixed points ofr splits M into two domains Qiand 1^2 stable under the action 
of G, we can choose u such that the zero set of u is exactly F U dM. 

2. A generic theorem of existence 

First we give a regularity and a strong maximum results adapted to the 
context of manifolds from those of Tolksdorf |14j . Guedda-Veron [T] and 
Vasquez |15j when dealing with Euclidian context. These results are also 
given by Druet [6] in the context of compact manifolds without boundary. 
The proofs are similar and based on Moser's iteration scheme. 

Theorem 2. (C^''^— regularity) Let {M,g) be a compact Riemannian 
n- manifold with or without boundary, n > 2, p & i^,n-). 

If ue W'^'P (Af) is a solution of equation (QP then u G C^'" (M). 



Proof. Put 

(2) g(x, u) = —a{x) \u\^~'^ u + f{x) \u\^ u + h{x) \u\ 

and 



9-1 



h{x) 



g{x,u{x )) 
1 + \u{x)\ 



p-i- 



Then 



where 



h{x) 



< Hal 



+ ll/llc 



IP -p 



+ 



^ denotes the supremum norm. Since u E PF^'^(M), we have 

~ n 

h G Lp (M). The equation ([T|) reads as follows 
(3) Apu = (l + \uix)r^^ 



ApU 

Following arguments as in Guedda-Veron ^ and Vasquez |15j when dealing 
with Euclidian context we first show that any solution u £ W^'P{M) belongs 
to L'^(M) for every q € [l,oo[ . Let A; > and v = inf(|ti| , C) where C is 
some positive constant. 

Multiplying equation([3]) by v^^^^ and integrating over M, we get 



(4) (kp + l) [ \u\^P \Vu\P dvg = [ sgn{u)h(l + \u{x)f~^)v''P+^dt 
Jm Jm ^ ' 



a- 



On other hand, we have 



V In 



so the equality ([3]) writes 



k+l 



{k + lY\u\'P\Vu\^ 



(5) 



kp+l 
{k + l)P 



M 



V \u 



fc+i 



dvg = sgn{u)h (l + \u{x)\^-^^ v^'P+^dvg. 



Using Sobolev's inequality, we obtain for any fixed e > 



[{A:+l)p 
\{k+l)p* 



< {K{n,py + e 
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V \u\ 



Taking into account the relation ([5]) and the Holder's inequality we get 



\u 



kp + 1 

+B \\u 



+ Vol{Mf-^ 



\{k+l)p 
\(k+l)p 



where K{n,p) is the best constant in the Sobolev's embedding H\[R^) C 
L'P (M) (see T. Aubin pLj ) and -B is a positive constant depending on e. 

Now, taking {k + l)p = p* i.e. k = we obtain by the Holder's 

inequality that 

< 



{K{n,pY + e] 



{k + i y 

kp + 



ll"llp.(i+^) 

^ ^ ' n—p' 

)^(jkp+i (^ol{M)^ + Vol{Mf-^'^ 
X max(l, ||ti|L.). 



+ B 



Consequently by a bootstrap arguments we get 

uG fl L«(M). 

l<(jr<oo 

Now using the Moser's iteration scheme we are going to show that u € 
L~(M). 

With the function g given as in ([2]), equation([T]) reads 
(6) Apu = g. 

For any A; > 1, letting t = /c + p — 1, we get 

\U\V-'^VU " = [ \tf-P \Vuf dVg. 

p Jm 

and multiplying equation ([H]) by jul'^and integrating over M, we obtain 



M 



AnudVf, = k / Wu\^ \u\^ udvn 



M 



(7) 



g\u\ dv„. 



M 



Using Sobolev's inequality, we obtain for any fixed e > 

it 





p 


\u\ P 






p* 



(Kin,pr + e){i 



\u\p Vn 



B\Ml. 



and since 



I -—1 
\u\p Vn 



t\'-P\^u\PdVn 



M 
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and taking account of ([7]) we obtain 



M 



\u\^ Apudvg 



k / |n['^ ^\Vufdvg = k / |n|* ^ \Vu\''' dvg 
Jai Jm 



\u\p Vu 



p ^ , life 

< WaWs m\kr 

p 



= k 

where r,s > 1 are conjugate numbers. □ 
Consequently 

ll^ll* < {K{n,pr + e) \\g\l \\u\\l + B \\u\\l 



Pj 



and by Holder's inequality we get 



\4- F \ \ - ~ 1 1- / • / \ I 



+B\\u\\l^ Vol{M)^-K 



Then 



\u\\^pZ_ < {^j Vol{M)^ ma^{{K{n,p)P + e) , B} 



(r-l)t-p+l 



X ( \\g\\, + Vol{M) ) max(l, 



or 



(8) Ikil^p!: < ^" (1> Iklirt) 

where A is a constant independent of t. Now we choose r < — = i.e. 

p n—p 

s > ^ which is possible by the first part of the proof. 

Proof. Let a > such that r(l + a) = -^and P = 1 + a. Let also 
t = /?* where i is a positive integer; the recurrent relationdS]) writes as 

p 



and recurrently we get 



||n||,^.+i < ^^-^ ^— ^ ^ max (1, ||n||,) . 

Now since the series X^i^i = ;a3T ^'^d 5]^i=i convergent, we get 

that u € L°°{M). At this stage the conclusion follows from theorem of P. 
Tolksdorf[14] □ 
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Theorem 3. (Strong maximum principle) Let {M,g) he a compact Rie- 
mannian n-manifold with or without boundary, p £ {^,n), and let u G 
Cl (M) he such that 

Apu + f{.,u)>0 onM, 

f such that 

( f{x,r)<f {x, s), Vx G M VO < r < s 

I \fix,r)\<c(K+\r\P^A\r\, y{x,r)eMxR 



where C and K are positive constants. 

If u > on M and u does not vanish identically, then u > on 
int{M) = M - dM.. 

Let G be a compact subgroup of the isometry group of (M, g) and r be 
an involutive isometry of (M, g). We assume that G and r commute weakly 
for some xi G M, t{Og{xi)) n Og{xi) = (j). Then 

H = [^u G W'^'''^{M), u is G-invariant and r — antisymmetric | 

is not trivial. Indeed H contains the test function given in sections. 

Denote by {G,t) the subgroup of the isometry group Isom{M,g) gener- 
ated by G and r and by K{n,p) the best constant in the Sobolev's embedding 

of W^'P{R'^) in L^(i2"). 

We consider the following functional J defined on H by 

Ji^)= [ {-\V^f + a-\^f-\f\^f-^h\^\''+'\dv,. 

In this section we establish the following generic theorem. 

Theorem 4. Let G be a compact subgroup of the isometry group of 
{M,g), n > 3, T an involutive isometry of{M,g) such thatG andr commute 
weakly and t{Og{xi)) n 0^(2:^1) = for some xi G M. Let also a, f and h 
be three smooth G-invariant and r-invariant functions. We assume that f 
is positive on M and the operator ip —i- Apip + a Iv?]^"^ 95 is coercive on H. 
We set N = p* — 1 and let q G {p — 1, N). We assume that for all x in M 
there exists v G H , v ^ such that 

CardO/n t\(x) 

(8') sup {J{tv)}< 

t>o K{n,p)^f{x)~ 

Then equation^ possesses a nodal solution u G C^'"(M) which is G- 
invariant and t- antisymmetric. Moreover, if we assume that the set F of 
fixed points of t splits M into two domains Qiand 1^2 stable under the action 
of G, we can choose u such that the zero set of u is exactly F U dM. 
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2.1. The subcritical case. Now, following the strategy originated by 
Yamabe, we prove the existence of a nodal solution to the equation([T]) for 
the subcritical exponent. 

Proposition 1. Let G he a compact subgroup of the isometry group of 
(M,g), n > 3, let t be an involutive isometry of (M,g) such that G and r 
commute weakly and such that for some xi G M t{Og{xi)) H Og{xi) = (p. 
Let also a, f and h be three smooth G-invariant and r-invariant functions. 
We assume that f is positive on M and that the operator ip — > Apip + a 
\^\^~'^ ^ is coercive on H. We set N = p* — 1 , q £ {p — 1, N) and let be 
such that < €o 1^ N — q. Then for all e such that < e < eo there exists 
ip^ E C^'"(M), G-invariant and t- antisymmetric ip^ ^ in M and (p^ = 
on dM which is a nodal weak solution of the equation 

(9) ApVJ, + a IvJ.f U = f \<p^f~'^~^ fe + h IPel"'"^ fe- 

Moreover, if we assume that the set F of fixed points of t splits M into two 
domains ili and stable under the action of G, we can choose ip^ such 
that its zero set is exactly F U dM . 

The proof of the Proposition([T|) relies on the following Mountain-Pass 
Lemma of Ambrosetti and Rabinowitz([2j) 

Lemma 1. Let (p be a G^ function on a Banach space X. Suppose that 
there exists a neighborhood UofOinX,av£ X\U and a constant p such 
that (/)(0) < p, (j){v) < p and (j){u) > p for all u € dU. Let T denote the class 
of continuous paths joining to v and c = inf^ygr maxu,g^ (piw) . 

Then there is a sequence {uj)- in X such that 4'{uj) c and (p'{uj) — > 
in X* ( dual space of X). 

We recall the following concepts 

Definition 1. Let X be a Banach and cj) a function of class on X. 
We say that Un £ X is a Palais- Smale sequence at level c ( Shortly a (PS)c 
sequence ), if 

(i) (j){Un) C 

(ii) (t>'{Un) ^ 0. 

Definition 2. We say that 4> satisfies the (PS)c condition if every (PS)c 
sequence has a converging subsequence . We say that <j) satisfies the (PS) 
condition if it satisfies the (PS)c condition for all c £ R. 

For any sufficiently small e such that < e < eo, we consider the 
C^-functional defined on the space IL by 

U^)= I + -a\^r - ^f\^f-^ - -^h\^\'^+'-\ dv,. 

Jm [P P P* -e q+1 J ^ 

Following Brezis and Nirenberg ( [3] ) , we show that the functional satisfies 

the assumptions of the Mountain-Pass Lemma, for every e such that < 

e < Co- 
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Lemma 2. For every e such that < e < Cq, there exists a ball U 
of radius independent of e around in H included in the unit ball, and a 
positive real number p independent of e such that 

(i) y ip£U , j,{ip) >p>o 

(a) Bip ^ U such that Je{ip) < P- 

Proof. By the coercivity of the operator ip Apy? + a l^l^^"^ (f, there 
exists a positive real number A such that 

M^) > ^ M% - ^ \\h\L Miiti - ^ ii/iloo Mf;--: 

and by the Sobolev's inequahty, that is for every r] > 



I 119+1 ^ 
Mg+l < 



{K{n,pr + rj)\\V^\\l + BM; 



2+1 

P 



one has 

1 „ .„ _ , 



" ^ - — ll^l|^max((i^(n,p)^' + 7?) ,5)"^ Mllf-'' 



p g + 1 

-^Jf\\oo^^^iiK{n,pr + v),B)'^M(-P-^ 

and since q + 1 — p > and p* — p — e > 0, there is a ball U included in 
the unit ball and a positive number p independent of e with < e < Eo such 
that for every u € dU, Jeif) > P- 
For t > 0, 

j.M < liv^ii^ + i iiaiL ll^ll^ - ^ H-) Mill 



rain fix) 



p* — e x&M 

so since p* — q — 1 > ^, there is a sufficiently large to such that \i — toV 
then Ip ^ U and Je(V') < P for £ sufficiently small. □ 

Let P the class of continuous paths joining to ■i/'and let = inf^gp max^g^ Je{w). 
Then by LemmE[2] there exists a (PS)cj sequence in H. 

Now we are going to show that each [PS) sequence satisfies the Palais- 
Smale condition. 

Lemma 3. Each Palais-Smale sequence for the functional is bounded. 

Proof. We argue by contradiction. Suppose that there exists a se- 
quence {Vj} such that Jei^j) tends to a finite limit c, J^{(Pj) goes to zero 
and ifj to infinite in the VF^'P(M)-norm. More explicitly we have for each 
^ G W^'P{M) 

I I- |V(^-|^ + -a|(/9-|^- J' /kjT T-^^Wjl^^^fd^a ^ ^ 

Jm VP p ^ p* _ e I ^1 g + 1 I ^1 J 
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JM Jm Jm 



■2-e 



iPjIpdVg 



-/' 



h\<fj\'^ ^ (fji/jdvg — >■ 



so for any ij > there exists a positive integer N such that for every j > N 

one has 



/ {i|V^,r + ia|^,r-^/|^, 
Jm [P p ' p* - e ' ■' 



and 



Jm Jm Jm 



ip*-2-e 



(PjIpdVg 



M 



< r] 



In the particular case where tp = ip^, we get 



Jm Ip ' P 



1 „, 1 ,| 



p — e 



9+1 



9+1 



dvg — c 



< rj 



and 



(10) 



hlipA "^^^ dv, 



M 



< rj. 



Then, we obtain 
(11) 



(1 



1 



< (1 + 



and 
(12) 



p — e Jm 1 + ^ Jm 



(pA'^~^^ dvg -pc 



< (1 +p)r]. 

Now, since / > 0, there is a constant C > such that 



C{1-- 



P 



P -e Jm 



(pA dVg < (1- 



q + 1' 



(Pj\'^~^^ dvg +pc+ {l+p)r] 



M 



where \\h\\^ = max^eM \h{x) 
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On the other hand since p* — e > q + 1, for any > 0, there exists a 
constant Cl such that t^+i < j/tP*-^ + d for any t > 0. So 



C7(l- 



and 



P 



C{1 



P 



f~'dVg < (1 



P 



q + l' 
pc + (1 +p)r] 



)ll^lloo / dvg + C^vol{M) 



(1 



■)l|/^lloo^ 



p^ — €' Q + 1 ' 

Choosing > smah enough so that C(l 
and get 



M 



VjI ^^'Wg < cste. 

M ' 

^)-(l-ifT)l|/^lloo^>0 



(13) 



IP 



(iTjg < cste. 



By Lemma O we can choose p to be an W^'^{M)- norm such that 

inf J^{if) > 0. 
\\'fi\\i,p=P 

Letting -0 • = pir-^ — , we obtain from ([13]) that 



(14) 



and by (|TT|) . we get 



ipj\^ dvg = O 



M 



IP -e 
J lll.p 



(15) p(- 



II, „ IIP -"^-P 
1 ^Il^.-Ili,p 



+ 1 p*-t pP* 



f\i)X ^dvg-pc 



M 



1 



< (1 + ——)pv 
q + l 

Letting j go to infinity, we obtain that Je{ipj) tends to zero. And since 
llV'jll]^ = /9, we have 

inf U^) < Uil,^) 



so 



inf J, {if) < 



ll¥'lll,P=P 

hence a contradiction. Then the sequence {^j} is bounded in W^'^^M). Now 
since q < p* — 1, the Sobolev injections are compact, so the Palais-Smale 
condition is satisfied. □ 



Now we are in position to prove Propositior(TJ 
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Proof. ( of Propositiord] ) Let C be the set of paths 7 joining and 
tp and Ce = inf-ygc" sup^gjQ 7(*)- As a consequence of LemmsEl there exists 
a sequence {y^j} C H such that Je{fj) Q and J^C'/'j) ~^ strongly in H'. 
By LemmsEl we can extract a subsequence still denoted { ipj } such that 

(fj — > weakly in H 

ipj — > 93^ strongly in for r < p* 

iPj — > 93^ a.e. in M. 

Clearly 99^ is a weak solution of the equation 

(16) Ap(p^ + a\(pf~'^Lp^-h\(f^\''~^(f^-f\(f^f~'^~^(f^ = inH. 

Now, to use the results of regularity, we must show that ip^ satisfies the 
equation ()16p weakly in W^'^{M). So we consider tp S VF^'^(M) and the Haar 
measure denoted by da on the isometric group G . Set ip{x) = ip{a{x))da 
for all X G M, then tp is G- invariant and it follows by multiplying the 
equation p^ by tp and integrating over M that 

/ { V.V^.VV + a - h \ip,r' <^,V' - / \fef''-' fei^} = 

but 

V / ij{a{x))da = / V'tlj{a{x))da 
Jg Jg 

then 

-h IV?,!''"^ - / \fe\^ </'eV'(0-(x))| dcrdUg = 0. 

Now, by the Fubini's theorem, we get 

/ / {|V^,r2v,(/.,VV(cT(x)) + a|(p,rV,V^(a(x)) 
JG JM 

-h tf^i){a{x)) - f Iv^J^*"^"' (f^ipiaix))^ dvgda = 

and since the functions a, h, f and (p^ are G- invariant, the integral over M 
does not depend on o" G G. Then 

/ 1 Nfef~^ Vi((C>,VV + a \^Pef~'^ fe^ " h \ip^\'^'^ if^lp - f \^p^f ^f^tp \ dv 

JM ^ ^ 

thus if^ is a weak solution of the eg nation (fT6|) in W^''p{M). 

By the regularity theorem (TheorenjS]) , ip^ G C^'"(M) m^^'P(M), con- 
sequently (/Jg |eM= 0. 
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Now we are going to construct by mean of a nodal solution of the 
subcritical equation (jl6p . The construction is the same as in ([5]). Define 



\ip\^ in r^i 
- in 



Since the set F of fixed points of r is negligible set, it follows that (z H 
and arguing as above, there is to > such that Je{totpJ < for any e < eo- 
Denote by C the set of continuous paths joining to •i/'o.e = ioi^e ^^'^ ^^t 

c' = inf max Jj^(t)). 

7eC"ie[o,i] 

For any positive integer m, there exists a path 7^ E C such that 

1 

max J, (7^ (s)) <C£ + — . 

se[o,i] m 

We let as in ([S]) 

-|7m(s)l in ^^1 



7m(s) 



l7m(s)| in ^2 



Clearly 7^ is a continuous path in the space H and let € [0, 1] such that 

Mlmism)) = max J,(7^(s)) 
se[o,i] 

1 

<Ce + —. 

m 

Now by the deformation lemma, there exists a continuous map 

r?^ : [0, 1] X F ^ 

such that 

(i) ^m(*>7m(Sm)) = 7m('Sm) for all t S [0, 1] 

and 

7m(Sm) ^ ( 



1 1 

Ce ,C, H 

m m 



(ii) < UlmM) - J.(r/^(t,7m(sm))) < - for all t e [0, 1] 

m 



(iii) W Vmii^mism)) - lmism)\\ < — for all t € [0, 1] 

(iv) If J^{-f^{Sm)) <Cs + — 

m 



then according to the deformation lemma either 

m 
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or for some tm G [0, 1] 

1 



Now since we have 
by (iv) we get 



I •^e(^m(^rru 7m('5m))) II ^ 
MlmiSm)) <Ce + 



m 

1 



m 



m 



Consequently since the path s Vmi^^lmi^)) joins to Voe; 'we obtain 
from the definition of that 

So the first part of (iv) cannot occur and then for some tm G [0, 1] 

Pe{Vmit,lm{Sm)))\\ < — • 

M M ^ 

Resuming, there exists tm S [0, 1] such that 

Ce < Mr]mitm,'ymiSm))) < Q + — 

m 

and letting 

~ 'Hmi^rnilmi^'m)) 

we get a sequence of elements of H such that 

Je{Vm) Ce and Jiiifm) ^ . 

Then as in the beginning of the proof of the Propositior(T|, there is a sub- 
sequence of the sequence {(Pm) still denoted (fm) which converges strongly 
in LP ~^{M) to a weak solution ip^ of the subcritical equation. Now by (iii) 
7m(*m) strongly in ~'^(M) then the convergence is also pointwise 

almost everywhere in M. Therefore (p^ >0 on Oi and ip^ < on i}2- Choos- 
ing a constant B such that the function h{x, r) = a{x) \rf~^ — f{x) |r |^ — 
h{x) |r|^ + B \r\^ ^ > on M x i? where |r| < ||y'e||2,°o(A/) obtain that 
Ap(/9^ + > in r^i and by the strong maximum principle( Theorerr(3|) 

we get that <p^> Q \n Vti, and also we have ^p^ < {) \n 0.2- □ 

2.2. The critical case. Now we are going to show that the critical 
equation([T|) has a nodal solution. First we state 

Proposition 2. Let G he a compact subgroup of the isometry group of 
(M,g), n > 3, let t be an involutive isometry of (M,g) such that G and r 
commute weakly and such that for some xi € M t{Og{xi)) D Og{xi) = (p. 
Let also a, f and h be three smooth G-invariant and r-invariant functions. 
We assume that f is positive on M and that the operator ip Apip + 
a \(p\^~ 'p is coercive on H . We set N = p* — 1 and q € {p — 1, N). Assume 
that the sequence of solutions of the subcritical equations^ admits a 
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subsequence which converges in L^{M), k > 1, to 7^ 0. Then there exists 
if G C^'"(M), G -invariant and t- antisymmetric in M and ip = Q on dM 
which is a nodal weak solution of the critical equation 

Apip + a Iv?!^"^ ^ = f \vf ^'^ if + h \ip\'^~'^ (p. 

Proof. We first show that the set {'p^)e, e < Co of solutions to the 
subcritical equation(l9]) is bounded in W^''p{M). Let J be the functional 
defined on the Sobolev space W^'^{M) by 

JM= / !^\Vpf + ^a\pf-^f\pf-^h\pr'\dv„ 
Jm [P P P 9 + 1 J 

c = inf^ec maxjg[o,i] «^(7(*))) where C denotes the set of paths 7 joining 
and ip where ip is the function given by Lemma[TJ With the same notations 
as in the proof of PropositiorQ we have 



P JM 
1 f 

< inf max J(u(t)) H max f / 

uecte[0,i] p* M 7jv 



I IP — e I IP 



dVg 



I IP e I IP 



So, since ip^ € C, 

c, < c+ — max/ max / tP*-' l^jf-'-fl^jf 



dvg. 



dvg. 



Then 



lim sup Ce < c 



and the set (9?^)^ is bounded. So there is a sequence (<^„)„ such that J'{Pn) = 
and Jifn) ~^ c'. By arguments as in the proof of LemmgO it follows that 
the sequence (<^„)„ is bounded in PF^'P(M) and we have 

(fn^ weakly in W'^'P{M) 

ip^ ^ ip strongly in U{M) for r < p* 
— > 93 pointwise a.e. in M. 

Consequently \Pn\^ '^n ~^ I'/'T pointwise a.e. in M, and the 
sequence \Pn\^ fn is bounded in {L^ ) then by a well known theorem 
Pn ~^ Iv'T ~^ weakly in (L*'*)'. The same is also true for the 
sequence^l^^^l''""'^ in (L<?+i) and p is weak solution of the critical equa- 

tion([T]). The remaining of the proof is the same as in the second part of the 
proof of PropositiordJ □ 

To show that the sequence {Pf:)e of solutions of the subcritical equa- 
tions ([9]) admits a subsequence which converges to 7^ in L^(M), k> 1, 
we state. 

Lemma 4. Suppose that 
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(i) every subsequence of a sequence {ue)e in W^'^{M) which converges 

in L^{M) , with k > 1, converges to (ii) For all x ^ M , we can 
find 5 > such that 
(17) 



V -p 



K{n,p)P{f{x))^ lim sup / f \u,\p ~' dv{g) < 1. 

^^0+ \JB4S)n{B^{S)-dM) J 

where Bx{S) is the ball centred at x and of radius 5. Then for any 

X ^ M there is 5 = 6{x) > such that 

lim sup / f Wef dv{g) ] =0 

^-^0 \JB^(5)n(B^{S)-dM) J 

Proof. Assume by contradiction that there is a £ M such that 

for any 5 > 0, hmsup,_o+ (/i?,j5)n(B.o(5)-aAf) / l""^!^*'' ^^^s) > 0- Using 
Holder's inequality, we get 

/ f \uef dvg <Ci \u^f dvg ] 

J B^^iS)n{B^o(S)-dM) \J B^„iS)n{B^o{S)-dM) J 

where C is a constant independent of e, and for any s > 1 

I t_ {p*-t)(ns-p) 

\ / /• n(s+p-l) \ P*(-(»+P-l)) 

\Uf\ dvn < / \Uf\ dv„ 



B,^{5)niB^o(S)-dM) ^ j \J B^^(5)n{B:,o{S)~dM) 

(p*-g)("(p-l)+p) 

n(s+p-l) \ P*("( = +P-l)) 

\u^\ "-P dvg 

I B^^{S)n{B^o{S)-dM) J 

Consequently 

r n(s+p — 1) 

lim sup / \ue\ ""-p dvg > 

^-^0+ J B^^iS)niB^o(S)-dM) 

a contradiction with the fact that any subsequence of the sequence {ue)e 
which converges in L^{M), for A; > 1, converges to 0. □ 

Now we are in position to prove Theorerrdl 

Proof. ( Proof of Theorerrd]) We show that the condition(i) of Lemmsd] 
does not occur under the condition(ii). 

Suppose by absurd that the condition(i) holds then 

lim / hluJ'^'^^ dva = 0. 
e^0+ Jm 

According to LemmsHlfor every x G M, there is 5{x) > such that 
lim sup / / \uef dvg = 0. 

6^0+ JB,{S)n{B^{S)-dM) 
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Now, since M is compact, there exist xi,...,Xs G M such that M 
Ui<i<sBx^{6i{xi)). 
Consequently 

hm supce = hm SUU Je(Ue) 

= hm sup / — — ——h luel^^ H — / \ue\^ ] dvg = 

which contradicts the fact that for any e with 0<e<eo, Ce>/>>0. 
So there exists Xq € M such that for any smah 5 > 0, 

(18) 



p -V 



K{n,pf{f{xo))p* hm sup / f \u^\^ ' dvg ] > 1. 

^^0+ \JB^{S)n{B^{6)~dM) J 



This gives 



hmsupce > 

e— >0 



p — p 



hmsup / f\uef ^dvg>-f{xo) pK{n,p)~'^. 

P ^-^0 J B,i5)n{B,{5)-dM) n 

Now if CardO(^QT-\^{xo) = +oo we let C > be some given constant and 
we choose (5 > such that 

C lim sup / /KeT dvg < lim supcg. 

^^0+ J B^,{S)n{B,„iS)-dM) ^^0+ 

Now by taking C such that 



C > K{n,pY fixo)^ lim supc^ 

e^0+ 



we have 



p 



K{n,p)'^f{xo)p* lim sup / f \ue\^ ^ dvg < 1. 

^^0+ JB^,(5)n{B,J5)-dM) 



Which contradicts (|T8|) . 

If CardO(^Q ,^'^{xo) < +oo we choose 5 > small enough such that 

CardOiQ T-\{xo) lim sup / /I'^eT ^Vg < lim supc^ 

e^0+ J B^^{S)n{B^^(S)~dM) ^^0+ 

and taking account of (jlSp . we obtain 

lim supCe > K{n,p)~'^ f{xo) p CardO(^G,T){xo) 

and since by construction of the sequence {ce)e, 

c > lim sup Ce 

it follows that 

c > K{n,p)-^f{xo)'-pCardOi^G,r)(.Xo). 
But this contradicts the assumption ([8^ of Theorenndl □ 
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3. Test functions 

Let Xo be a point at the interior of M such that f{xo) = laaXxizM fix) 
and Og{xo) n t{Og{xo)) = (t>- Let iIj^ be the radial function defined by 



f{xo)~p^Ti~p^{r] + rp-'^) pC{n,p) — fj, for 0<r<6 
for r > S 



where C{n,p) = (f^(^rf)^^ j , = /(xq) j^t? (r/ + ) pC{n,p) 
and (5, r/ are small positive numbers and r is the geodesic distance function 
to the point Xq- Suppose that Ocixo) = {xi, ...jXn} and denote 

m 
i=l 

We choose 5 sufficiently small so that 

suppii;^^^^) n suppi-ip^^ ,^) =(j) if i / j 

and 

suppii;^^^^) n snpp(V'^(^^.) = (j) for any i 7^ j. 

Clearly V'xo.r; is G-invariant and r- antisymmetric. 
At this stage, we are able to prove Theoreixd] 

Proof. (Proof of Theorerr(T]) Theorerr(T] will be proven if the condi- 
tion (jl7p of Lemmad] holds and a fortiori if 

0<c<-(max/) pK(n,p) '^CardO/c t){xo)- 

n M ^ ' ' 

and by the definition of c it suffices to show that 

— P 1—— — 

^(iV'x,,,,,) < -(max/) pK{n,p) CardO(^G,T){xo)■ 
Now since 

we have to show that 

/(tV'x.„,,)<Hmax/)^ pK{n,pr^. 

Put for simplicity 

The goal here is to compute the expansion in rj of I{tip^). Now, classical 
computations of /^^ dvg give 



M \P-^J P 



6n 







+o[r] V pj 



18 MOHAMMED BENALILI 

We Use the following relations, for any real numbers p, q with p > q + 1 
^0 



p 7„ - ' - " - Tip) 
where F denotes the Euler function. Such relations fulfill 

,(n+2)(i-i) r((n + 2)(i-i) + i)r(i^) ^, 
r(n(i-i) + i)r(^-i) 



n(l-i) 
n 



a{n,p)In^ ''\ 



We write 



/ IVi^rtl^dvg = C{n,pf flL^y /(x„)i-?a;„_i^ 
Jm \P-^J P 

(19) x(l-r? — ^^a{n,p)jln + 0(77 V W). 

Now, we compute fj^^ a{x)'ip^, and get 

/ a{x)rr,dvg = rf-'C{n,pra{xo)f{xo)'-^u;n-i + t^f-^r"^ 

Jm Jo 



Taking into account the following equalities 

_ Tin)Ti^-p) n(l-i) _ n(l-i) 

^1 - p)r(n-p)r(^ - 1) 



we obtain 



/ a{x)'ipUvg 
Jm 



(20) ^??^'-iC(n,p)Pa(xo)/(a;o)^-?a;,_i6(n,p)^^' 
Finally we compute /V^* c^^^g and get 



/(x)V'f,*(a;)(i?;g = C(n,p)P*/(a;o)^ "con-i- — - In^ 

M P 
2(1-1) / A/(Xo) , Scal{Xo)\ (n+2)(l-i)-l / 2(1- 1)\ 



and since 



(n+2)(i-i)-i ^ r((n + 2)(l-i))r(^-2) ^„(i_l)-i 

r(n(i - |))r(^) 
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„(l_i)_l 
c{n,p)In " 



we can write 



/ fix)i;P;ix)dVg = C{n,pr''fiXo)'-'^UJn-l^In' ' 

Jm P 

2(1-1) f Af{xo) , Scal{xo)\ , ^ , / 2(i-i)V 



Now letting in mind the equality 



n(l-i)-l _ n-p njl-l) 

n{p — 1) 



we obtain 



/ f{x)rr;{x)dVg = C{n,pff{Xof-l^Un-J^In^ 
/oi\ [i 2(i-i) ( Af{xo) , Scal{xo)\ , X , / 2(l-i)\ 

Also we have, for any real q such that "^^""l^"*"^^ < q' + 1 < p* 



n— p 



2n 



6n 



„5 n- 

^0 



p-1 



{ri-l)(l-i)-i 



A/t(a:;o) ^ h{xo)Scal{xo) 



2n 



6n 



2(1--) ^ \ 

r] p e[n,p, q) 



7o 



where e{n,p,q) is a constant. 

Since g + 1 < p* = , we have 



" ^-(^ + l) + (l-!^)(g + l) + n(l-^) 



np — (n — p)(q + 1) 



(l--)>0. 
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We recall that the function u : x ^ i?" — > C(n,p)(l + jxj ) p realizes the 
equality in the embedding H^{R^) C Lp{R"-) that is 



\Vu\^ dx = K{n,p) p I \u\^ dx 



So from ([19]), goi) and 1^, we get 

m,) = U- ^tA c(n,pr/(x„)-t.„_, ( i^yp^jf-'p^p 

' \ p* J \P — ^ J P n 



and taking account of 
K(n,p)-" 
we obtain that 



+F{t,n,p,r]) 
n — p\^ p — 1 



p — 1 



P 



C{n,pYuJn-lIn 



I{ti^^) = (if - ^tA ^K{n,pr'^f{xo)'-p + F{t,n,p,r,) + Hit,n,p,r,) 
I y p* J n 



where 



p — 1 

F{t,n,p,7]) = tfa{n,p) C{n,py 

P 



n — p 

7^ 



a-- "(1--) 



Scal{Xo) 2(1- ^) , f P-J-Y ( ^M!^ 



6n 



-rj ^ p' + 



n — pj a[n,p) 



p / Afjxo) Scal{xo) \ c{n,p) 2(i-i) 



n \2nf{xo) 6n / a{n,p) 

+o (r]'^^^'pA +o{rf-^) 



and 



+tP 



H{t,n,p,T]) = -{t,ti+^-PC{n,py+^-P 

(n-l)(l-i)-i 

xrii^^ ' p'^ ' ^ " fixo) p ^ p '— 

T ^ V' 



Let ti G [0,1] such that I{tiip^) = sup^gjQ ]^] I{t'ipj^), ( ti is necessarily > 0). 
Since the function ip(t 
[0, 1] at to = 1, we get 



Since the function ip(t) = — -^t^ attains its maximum on the interval 



Snp4e[o,i]/(#r,) < K{n,pr^f{xo)'-p- 

provided that F{ti,n,p,r]) + n,^j, ??) < 0. The assumptions h{xo) = 
and Ah{xo) < give us 

H{ti,n,p,r]) < 0. 
It remains now to show that F{ti,n,p,ri) < 0. 
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1) In the case 1 < p < 2, F{ti,n,p,r]) is equivalent to 

G{ti,n,p,r]) = 



p — 1 



Mi~^) . Mn,p) 



P 

so we must have a{xo) < 

2) In the case p = 2, we have 

on 



a{n,p) 



-C{n,2){n-2ff{xof-2Un^Jl 



+- 



n 

a(n, 2 



r, 1, \ 6n , ,6(n,2) 

-bcal{Xo) + -7Ta{xo)—, — rr 

a(n,2) 

c(n,2) 
afn, 2) 



n-2 fAfixo) 



{n-2Y 
+ Scal{xo 



6n 



f{Xo) 



■Cin,2){n - 2ff{xo)'-^u;n-iU 



„ ,, , 24(n-l) , , 

-Scal{xo) + - — —7 

(n + 2) (n — 2) 

(n — 4)n 



+ '^(^HH + Scal{xo 



n V f{xo) J (n + 2) (n - 2) 

and then the following condition must be satisfied 

^^"^ ~ ^^-a{xo) - Scal{xo) + (n - 4) ^1}^ < 0. 



n-2 



f{Xo) 
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3) In the case 2 < p < |, to get F{n,p, rj) < 0, we have to assume that 



n — p c 



{n,p) \ 



I.e. 



n a{n,p) J 



Scal{xo) > 



< 



P 



f{xo) n-3p + 2 



3{n-p) Af{xo) c{n,p) 
n f{xo) a{n,p) 

Scal{xo). 



□ 



4. Nonexistence results 

In this section we give, by mean of a Pohozaev type identity, a nonexis- 
tence result. 

Proposition 3. Let n > 3 and Q be a star-shaped smooth domain of 
BP' with respect to the origin. Let p € (l,n). Suppose that a > 0, drO > 0, 
drf < , h < , drh < and at least one of these inequalities is strictly 
then the critical equation^) has no nodal solution. 
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Proof. A Pohozaev type identity for the p-Laplacian due to Guedda 
and Veron [7] reads as 

n / H{x,u)dx+ / {x,'VxH{x,u)) dx + {1 ) / ug{x,u)dx 

Jn Jn 



= {!--) j {x,u) 
P Jan 

where 



P Jn 

du , 
da 



du 



I I IP^ 1 np- {q + l){n-p) , +i 
— p / a\u[dxA / n\u\ dx 



g{x,u) = —a{x)\u\^ u + f {x) \u\'' u + h{x) \u\'^ 

and 

H{x,u) = / g{x,s)ds. 
Jo 

v is the unit outer normal vector field to dO,. A direct computation leads to 
the identity 

-p [ a\ufdx + ^^l^^^±^^^^ I h\urUx 
Jn 9 + 1 Jn 

— / {x,'Vxa) dx -\ / {x,'Vxf)\u\^ dx 

Jn n 

H — - — / {x,Vxh) \u\''^^ dx = {p — 1) / {x , 1/) \d,yu\ da 
9 + 1 Jan 
and letting r = we get 

np — (( 

f Tl — P f * 

— / rdrh\ufdx-\ / rdrf\uf dx 

Jn n Jn 

H — / lul"^^^ rdrhdx = {p — 1) / (x, v) \dyu\ da 
Q+i-Jn Jan 
and the proof of the Proposition follows. □ 
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